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An Analysis of Asymmetric Rolling Bodies with
Nonlinear Aerodynamics
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A nonlinear analysis is performed for the motion of a rolling re-entry vehicle for the case of constant roll rate
and for the case of variable roll rate, dynamic pressure, and stability derivatives. Each of the restoring, damping,
lag, Magnus, and induced moments is assumed to be a cubic function of the angle-of-attack with variable coefficients.
In the constant roll rate case, the derivative expansion version of the method of multiple scales is used to derive
equations that characterize the time variation of the amplitudes and phases of the nutation and precession modes.
In the variable roll rate case, the generalized version of the method of multiple scales is used to derive equations
for the roll rate and the amplitudes and phases of the oscillatory modes of the angle of attack near and away from
roll resonance. The roll degree of freedom is coupled with the pitch and yaw degrees of freedom instead of assuming
a priori the variation of the roll rate. The analytical solutions are found to be in good agreement with the numerical
solutions of the full problem.

Nomenclature
An = complex amplitude functions: aneie», n= 1, 2, 3
an = real amplitude function, Eq. (19)
/ = transverse moment of inertia
Ix = longitudinal moment of inertia
K = magnitude of trim moment, Eq. (9)
k = K/e2 = 0(co0

2)
p = roll rate
Po>P2 = Eq. (43)
q,r = angular velocities of coordinate system about the y- and z-axes
T2 = slow time scale: e.2t
t = time
u,v,w = velocities in x, y, and z directions
x = longitudinal coordinate
y,z = transverse coordinates
a = W/M, Eq. (4)
a =Eq.(7)
)5 - v/u, Eq. (4)
a0> j5Q = values of a and jS at t = 0

y = cubic restoring moment parameter, Eq. (9)
e = small parameter proportional to |£|
C =*+fr
771 = fast time scale, fj1 = col
r\2 = fast time scale, fj2 = co2
0n = phase of oscillation modes
AtJ = Eqs. (20) and (56)
/ i j j / i j = linear and cubic damping and lag moment parameter, Eq. (9)
v0 = pure rolling moment parameter, Eq. (9)
V j = e.g. offset rolling moment parameter, Eq. (9)
v2 = damping rolling moment parameter, Eq. (9)
{ =(i? + iw)/M,Eq.(4)
f l f f 3 =Eq.-(13)
T = dimensionless time, ta)0/2n
<j> = roll orientation angle, <cj) = $ pdt
(bo = orientation of trim moment
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I\>l2 ~ linear and cubic Magnus and induced moment parameter,
Eq. (9)

co0 = critical frequency, (— Ma0//)1/2

co1 = nutation frequency, Eq. (11)
co/ = d(Dl/dT2
co2 = precession frequency, Eq. (11)
a)2

r = da)2/dT2

I. Introduction

TO describe the motion of rolling re-entry bodies at large
angles of attack or near roll resonance, the damping as well

as the nonlinear aerodynamic stability derivatives must be taken
into account. Roll resonance is a condition where the nutation
frequency (one of the natural frequencies) is equal to the roll rate
(excitation frequency of a body-fixed trim). Since the frequencies
of the modes of oscillation change with altitude, the variation of
dynamic pressure and stability derivatives with time must also be
taken into account. Moreover, the time variation of the roll rate
must be taken into account, especially for the roll resonance case.

Murphy1 investigated the motion of asymmetric bodies using a
quasi-linear technique for the constant coefficient, constant roll
rate case. He determined equations for the variation of the
frequencies and damping rates with amplitude in the case of a
cubic static moment, however, his analysis of roll resonance is
questionable because he separated the response of the nutational
and rolling modes in this case. We will show below that the
nutational mode is entrained by the rolling mode and cannot be
decoupled. Clare2 used the method of averaging3 to determine
equations for the amplitudes and the phases for the roll resonance
case assuming constant dynamic pressure and stability deriva-
tives. He investigated the conditions for steady-state solutions
(perfect resonance) but did not investigate their stability.

One of the purposes of this paper is to extend the work of
Murphy and Clare and to analyze the motion of rolling asym-
metric bodies with nonlinear aerodynamic moments for the case
of constant stability derivatives and constant roll rate using the
method of multiple scales4 (Sep. 3).

Murphy5 analyzed the effect of a variable roll rate on the roll
resonance problem for the case of constant dynamic pressure and
linear aerodynamics. The roll mode was decoupled from the pitch
and yaw modes so that the effect of the latter modes on the*
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roll mode (such as exists if there is a e.g. offset asymmetry)
cannot be ascertained from such an analysis.

A second purpose of this paper is to analyze the motion of
rolling re-entry bodies for the case of nonlinear aerodynamics,
along with variable roll rate, dynamic pressure and aerodynamic
stability derivatives (Sees. 4 and 5). The analysis couples the
roll degree of freedom with the pitch and yaw degrees of freedom.
The analysis is carried out using the generalized version of the
method of multiple scales.4 Nayfeh6 used this technique to analyze
the case of linear aerodynamics but included variable roll rate,
dynamic pressure, and aerodynamic derivatives.

2. Problem Formulation
We introduce a nonroffing, right-handed Cartesian system

where the x-axis is the longitudinal axis and the y- and z-axis are
the transverse axes as shown in Fig. 1. The translational velocity

1 Coordinate system (X, Y, Z) inertial system, (x, y, z) body
fixed, nonrolling system.

components along the x-, y-, and z-axes are given by u, v, and w,
respectively, while the coordinate system is rotating with angular
velocities q and r about the y- and z-directions and the body is
rolling with angular velocity p about its longitudinal axis (i.e.,
x-axis). We assume that body forces are negligible and that the
body has a e.g. offset and a trim angle of attack, but otherwise
has mass and aerodynamic symmetry about its longitudinal axis.
With these assumptions, the translation equations of motion are

Fy = m(v + ru\ Fz = m(w—qu) (1)
where m is the body mass, and F^ and Fz are the normal forces
in the y- and z-directions, respectively. The rotational equations
of motion are

M = Iq + prlx, N = Ir- pqlx (2)
and

L = IXP (3)
where / and Ix are the transverse and longitudinal moments of
inertia, and L, M, and N are the moments about the x-, y-, and
z-axes, respectively.

A complex angle of attack and a complex angular velocity can
be defined as

£ = p + ia = (v + iw)/u and t, = q+ir (4)
respectively, where |£| is the tangent of the total angle of attack
of the body. We assume that the transverse aerodynamic forces
are proportional to the total angle of attack; that is

Fy + iFz = F0£ (5)
Furthermore, the transverse moments and the roll moment are
assumed to be{

a =

| ' denotes differentiation with respect to time,
conjugate.

..I2«]£ (6)
>-*} (7)

denotes complex

Here M0 and N0 are the trim moments and Ma, Mq, M-, Mp/?,
and Mpj are the restoring, damping, lag, Magnus, and induced
moment stability derivatives, respectively. The subscripts 0 and 2
represent the linear and cubic stability derivatives and the usual
symmetry of aerodynamic moments has been used. The roll angle
is (/) while L0, Lpp, and L^a are the pure, damping, and e.g. offset
rolling moments.

Equations (1-7) can be combined to give

t («a)
(8b)

} (8c)

where

= e2v0+£v1a+82v2p, 5=

M l
+ ̂ -[u- —

(9)

u u m u

S2v0 = L0/4, evj = L~//xf £2v2 - Lp/Ix

£Kexp(i</>0) = i(M0 + L/V0)// with real K and <j>Q

Here, £ is a small but finite dimensionless quantity of the order of
the magnitude of the angle of attack, which has been introduced
in the asymmetry, linear damping, and Magnus terms so that
fa, fa and v2 are Q(<%) or less, and K, %±, %2, v0, and v1 are
0(o>0

2) or less. Although the symmetry condition holds for small
angles of attack, it may not hold for large angles of attack as
partially confirmed by experiments on spinning and coning
motions of slender cones at supersonic speeds.7'8 If this is the case,
the form of Eq. (8) still holds if fa and #2 are related properly
to the damping, Magnus, lag, and induced moments. Our analysis
is valid in both cases as long as vlt %lf fa, y, and co0 are slowly
varying functions of time.

In the absence of damping and nonlinear terms, the solution of
Eq. (8) for constant p and co0 is given by

where A± and A2 are complex constants, and

-co0
2]1/2 (11)

The frequencies co1 and co2 are called the nutation and precession
frequencies. § For statically stable bodies (i.e., co0

2 > 0) and
positive p, co1 is positive while co2 is negative. Two cases arise
depending on whether p is near co1 or not. The first case is called
roll resonance and the forced response tends to infinity at p = cov
Before p approaches col5 however, the damping as well as the non-
linear aerodynamic forces will significantly modify the response.

Another source of resonance will appear if one attempts to
determine an approximate solution to Eqs. (8) away from roll
resonance by iterating on the solution (10). The resultant solution
will contain secular terms which make the solution invalid for
long times. A solution technique such as quasilinearization or
multiple time scales must be used to get valid solutions. The
solutions obtained by these methods display what is known as
subharmonic resonances which in this case can occur when
p'« 3mt, Higher resonances are also possible. We have used-the
method of multiple scales to analyze 1) the nonlinear resonances
of a constant roll rate body in the following section, 2) the non-
linear resonances of a variable roll rate asymmetric body away
from roll resonance in See. 4-, and 3) near roll resonance in
Sec. 5.
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3. Case of Constant Roll Rate
In this section we assume that the roll rate p, as well as the

aerodynamic coefficients, are constant. Although this assumption
restricts the problem to high altitudes or wind-tunnel modeling,
it will provide a basis for analyzing the more difficult problem
'Of variable roll rate. To determine an approximate solution to
Eq. (8a) with <f> — pt using the method of multiple scales, we
iitroduee a slow time scale T2 •== &2t in addition to the fast scale
TO = t. As mentioned, & is a small quantity of the order of
the magnitude of the angle of attack. With these variables, the
time derivative is transformed according to

d/dt = (a/dT0)+82(a/dT2) (12)
and Eq. (8a) is transformed into a partial differential equation.
We assume that £ possesses a uniformly valid expansion of the
form

T0, T2)+ . . . (13)
The condition that Eq. (13) is uniformly valid for all t is equivalent
to the condition that

£ 3 /£ i<oo for all T0 and T2 (14)
Thus, uniformly valid solutions are obtained by determining the
functional dependence of ̂  and |3 on T2 in order to satisfy

Substituting Eqs. (12 and 13) into Eq. (8a), noting that ^i =
()(<%>)• and jci = 0(&>0

2), and.equating coefficients of like powers
of e, %e get

'dT0dT2

The general solution of (15) is
£1 = A1(T2)Gxp(ko1 T0) + 42(T2)exp(ico2 T0)+^3exp(ipT0)

where
(17)

where the nutation and precession frequencies co1 and co2 are
defined in Eq. (11). Substituting Eq. (17) into Eq. (16) gives

fo>2 T0)+

Q3exp(JpT0)+

(18)
where the m's and g's are defined in Appendix A and 5 = 2
when n = 1 while ;s = 1 when n = 2. The particular solution of
Eq. (18) contains secular terms of the form T0exp(ico1 T0) and

TQ) which make £3/4jjyuabounded as T0 -+ oo. To get a
jiniformly valid expansion, A1 and A2 are chosen so that the
secular terms vanish; that is, Ql = Q2 •= 0. Letting ^4n = (2,,exp z#n
with real an and 0n, separating real and imaginary parts in the
expressions far Q1 an^^@fi we get9

daJdT2 = 1̂  an+ /l^3 + A3ll an as
2 + A4n an a3

2 (19a)
dBJ4T2 = (- l>"7AK2 + 2a/ + 2a3

2) (19b)
where n — 1, 2, s = 2, !„ and

(20b)
(20c)
(20d)

A = (o)1-co2)~1 (20e)
Equations (19-20) show that-the nonlinear part of the pitching

moment characterized by 7 does not affect the amplitudes a^ and
a2 in this case. However, it affects the phases, thereby decreasing
the magnitudes of the nutation and precession frequencies. The
asymmetry also decreases these frequencies.

For a positive p, o^ is positive while co2 is negative. In this
case, Eq. (19) shows that /^ is stabilizing (tends to dampen
amplitudes) or destabilizing (tends to increase amplitudes)
depending on whether it is negative or positive. On the other
hand, ̂  and %2 have stabilizing effects on one mode while they
have destabilizing effects on the other mode, irrespective of their
signs. A negative /J2 has a stabilizing effect on ai9 while it has a
stabilizing or destabilizing effect on• a29 depending on whether
(coj-f- 0)2)0.!2 + co2 a2

2 is negative or positive. On the other hand,
a positive /i2 has a destabilizing effect on a\, while it has a stabiliz-
ing or destabilizing effect on a2 depending on whether
(<D 1 + co2)a1

2 + CD2 a2
2 is positive or negative. For a positive p, the

asymmetry has a stabilizing or destabilizing effect on a\/u2
depending on whether (co1+p)n2 + 2%2 is negative or positive/
(co2+p)^2 + 2#2 is positive or negative.

The motion in this case is given by Eqs. (13) and (17) along
with the solution of Eq. (18) which is given by

{3 = / \ / \ ^A^ "r J 0^(Wi - p)(p - co2)
2 f 1

+ £ l -A2mM^
n=l ( 2

( mnAnAsA3

(Ol -P)(P '~C0 2

mnAn A3

fan - P)(P ~ 2CO,

! (™n + m*)AnAsA
(cos-p)(p + coM-

^sexp[i(2con-

exp[i(co2 + cox -

+ ^ exp [1(20,

exp [i(p co,
2cos)

cos)T0]

- p)To]

- P)T0]

, + con)T0]

2(p - con)(co1 - 2p)
exp[i(2p- (21)

where s — 2 when n — 1 and s = 1 when n — 2.
The transient solutions of the system of perturbation equations

are in good agreement with the^ numerical solution of Eq. (8a)
and six-degree-of-freedom calculations. Moreover, the trends
predicted previously are substantiated by the numerical solu-
tions.9

For positive p, co1 is positive and co2 is negative. The
denominators of all but the second term vanish at p = col while
the denominator of the fourth vanishes at p => 2&) 1 — ̂  = 3a)t/
(l + IJI)f The former case will occur at roll resonance and will
be discussed later. The latter case, a subharmonic resonance due
entirely to the nonlinearities, was first discussed by Murphy1 and
will be analyzed next. The denominator of the last term will
vanish when p -> 0 which also requires special treatment and is
discussed later.

The p = 2co 1 — <o2 and p = 0 Cases
To examine the case where p ± — o)2, we let

, a = 0(1) (22)

§ It is recognized that other definitions are possible if one wishes to
includedamping tepps.

where & is the detuning parameter. Equation (22) is substituted
into the right-hand side of Eq. (18). To eliminate secular terms
in the solution of -<J3, Eqs. (19) are modified to9

asa3 (23a)

as
2a3/a2 (23b)

*OJdT2 = (- ir
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where
$ = 2B1-02-ffT2-40 (24)

The solution for £3 is given by Eq. (21) except that the terms
singular in (p— 2co1 + co2)~1 are missing. The solutions of these
perturbation equations are in good agreement with the numerical
solution of Eq. (8a) for the p = 2co1 — co2 case.9

To examine the case of small roll rates, we let
<7 = 0(1) (25)

where d is the detuning parameter. Equation (25) is substituted
into the right-hand side of Eq. (18). In this case, ^i and /2 « 0,
co 2 w — o>!, and Eqs. (19) are modified to9

dan/dT2 = (^ + fi2 an
2 + /i2 a3

2K/2 + ( - I)"(m3 as a3
2/2a>0) sin $

(26)
dij//dT2 = -a + (y + m3a3

2ai~1a2~1cos\l/)(al
2-a2

2)/2a)Q (27)
where

$ = 01 + e2-dT2-2(l>0 (28)
With the secular producing terms eliminated, £3 is given by
(21) except that the singular terms are missing. Thus, the system
of Eqs. (13), (17), and the modified (21) are valid approximations
to the full nonlinear system when p w 0. Conclusions on the
stabilizing or destabilizing effects of certain parameters can be
drawn from Eqs. (26) and (27).

The p = C0i Case

In this case we assume a weak excitation where the trim
moment coefficient is written as K = z2k where k = 0(co0

2). To
examine the behavior near roll resonance when p « colt a
detuning parameter <r, is introduced in the equation for p by

P = C01+S2a, (7 = 0(1) (29)

The asymmetry excitation is expressed as
&K exp i(pT0 + </>) = s3 A exp ico1 T0, A = k exp i(aT2 + <£0) (30)
The representation of Eqs. (30) makes the right-hand-side of
Eq. (15) vanish while the right-hand-side of Eq. (16) is modified to
contain the term \Qxp(icoi TQ). Consequently, to eliminate
secular producing terms in the modified Eq. (16), we get

dan/dT2 = ttln+l2nan
2 + ̂ na2)an+(2-n)k&sm^ (3 la)

d9JdT= (- l)ny&(an
2 + 2a2)-(2-n)k&a1-1cosil/ (31b)

where s = 2, 1 when n = 1, 2 and
^ = (7T2-^ + 00 (32)

For the weak excitation case considered, ̂  and £3 are given
by Eqs. (17) and (21) with a3 = 0. The effect of k is implicit
through the solutions for a± and 0^ Comparisons between the
perturbation solution and the numerical integration of Eq. (8a)
are undetectable when superposed. It appears, therefore, that the
perturbation solution is a valid approximation in the neighbor-
hood of roll resonance provided the roll rate and excitation are
constant. The conclusions drawn from the previous discussions
above concerning the stabilizing or destabilizing effects of. ̂ i, Z2
and other parameters are substantiated9 near roll resonance in
this case by numerical integration of Eq. (8a).

The steady-state solutions near roll resonance correspond to
the stationary solutions of Eqs. (31); that is, they correspond to
the solutions of

a20(,l12 + A22a20
2 + A32a10

2) = 0 (33)
^sin^o (34)

osiAo (35)

Since di///dT2 = 0 in this case, Eq. (32) gives d01/dT2 = a and
£ = e[_A1Gxp(ko1 T0)+y42exp(w»2 T0)] + 0(e3) (36)

or

(37)

The steady-state solution in this case is given by
\I/Q = mn with integer m

Thus the nutation component of the angle of attack response is
synchronized to the excitation frequency p even for a slight
asymmetry. The nonlinearity adjusts the nutation frequency so
that it becomes exactly equal to the roll rate (perfect roll
resonance). Consequently, Murphy's1 separation of the rolling and
nutation response is questionable.

We investigate the solutions of Eqs. (33-35) and their stability
using Eqs. (31) when the Magnus and damping terms are
negligible as is the case at high altitudes. The general case of
jU1>2 and Xi,2 not equal to zero is treated in Ret. 9. Under the
conditions of ju1>2 « 0 and #1>2 w 0, Eq. (31) gives a2 = a20 =
const., while

daJdT2 = /cA sin \j/ (38a)
(38b)

(39a)
(39b)

The latter equation is a cubic in a10 which can be solved to
give a10 as a function of a, y, <220, co^ and co2. The stability of
this solution can be investigated by substituting for a1 and \ji
from a1 = a10-\-(da1)^xp^T2) and \jj = ^0 + ((5^)exp(sT^) into
Eqs. (38), using Eqs. (39), and neglecting nonlinear perturbation
quantities. The result is

s2 = /cAa10-1[(7 + 7A(3a10
2 + 2a20

2)] cos>0 (40)
Hence the steady-state solution is unstable if

[(7 + yA(3a10
2 + 2a20

2)] cos i//0 > 0 (41)
otherwise, it is stable.

4. The Variable Roll Rate, Nonresonant Case
Although the constant roll rate case is useful for interpreting

wind-tunnel data, it does not represent the actual flight situation.
Therefore, the complete set of Eqs. (8) must be solved. To deter-
mine an approximate solution to Eqs. (8) using the generalized
version of the method of multiple scales,4 we make use of the
fact that actual flight test data and six-degree-of-freedom
numerical calculations show that there are at least four time
scales; a slow time scale T2 = s2t characterizing the variation of
the dynamic pressure and stability derivatives, and three fast scales
characterizing the nutation, precession, and forced components
of the angle of attack. Thus, we assume expansions of the form

where

t; e) = s^(filt rj2, 0, T2)+£
3^3(^, rj2, j, T2)+ . . . (42)

. (43)

]1/2 (44)
with co1 = co1(7^) and co2 = co^T^) the nutation and precession
frequencies. In terms of these variables, the time derivatives are
transformed according to

d/dt=^f^-s2d/dT2 (45a)
d2/dt2 =3tf2 + 2s2atf'/dT2 + s4d2/dT2

2 (45b)
where

Jf = o)1 d/drji + (D2 d/dri2 + p d/d<t> (46)
The conditions that Eqs. (42) and (43) are uniformly valid for

all t are equivalent to the conditions
f a/^! < oo and p2/p0 < oo for all t

Thus, uniformly valid expansions are obtained by determining
the functional dependence of ^ and p0 on T2 in order to
satisfy the preceding conditions.

Substituting Eqs. (42-46) into Eqs. (8) and equating coefficients
of like powers of s we get equations for the determination of
£f and pt. The first-order problem (i.e., coefficient of e) is

(47)
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where

The solution of this problem is taken to be

(48)

) (49)
where as in Sec. 3, A3 = K(co1 — P0)~1(p0 — co2)~1exp(^0) and
An = anexp(z0n) with real amplitudes an and phases 9n(n =1,2).

The equation for p2 becomes

(50)

where ̂ 0 is the same as 3tf except p is replaced by p0. The
particular solution of this equation is unbounded as rjv r\2, or
0 -» oo (i.e., t -> oo ) unless

(52)

Then the solution of Eq. (50) becomes
2

With £]_ and p2 known, the equation for £3 becomes

K A*A*2 + 2^) exp i(2<£ - jyj] (53)
where the Q's are defined in Appendix A and s = 2,1 when
n = 1,2. The particular solution of Eq. (53) contains secular terms
of the form rjsQxp(irjs) which make ^/^ unbounded as t-> oo.
To get a uniformly valid expansion, A1 and A2 are chosen so
that the secular terms vanish; that is Q1 = Q2 = 0. The solution
for £3 from Eq. (53) is the same as Eq. (21) except that
pTQ, CO^TQ, co2ro are interpreted as (/>, r\\, r]2 respectively, Q3 is
replaced by Q3 and the following term is added under the
summation sign

The details can be found in Ref. 10.
The condition Q1 = Q2 = 0 gives

dO^
dT2

where s = 2, 1 when n == 1, 2, and

(55a)

(55b)

a* = da>JdT2 (56)
with the other A's defined in Eqs. (20). These equations are
similar to Eqs. (19) derived in Sec. 3 except for the presence of
con' and v1 terms. As discussed in Sec. 3, the solution breaks
down as pQ approaches colt 0, and 2co1 — co2. The first case is the
roll resonance case and is analyzed in Sec. 5. The last case
corresponds to p0 « 3(0^ for slender bodies and leads to sub-
harmonic resonances. Solutions valid near p0 = 3co1 and p = 0
are presented later in this section.

contained in Sec. 3. The effects of the roll acceleration
PQ = dp0/dT2 and the rate of the critical frequency CDO' =da)0/dT2
on the stability of the body motion are given implicitly by co/
and co2'. Equation (44) shows that both CD^' and co2 are positive/
negative depending on whether p0' is positive/negative. Hence,
Eqs. (5.5) and (56) show a positive/negative roll acceleration has
a stabilizing/destabilizing effect on a± and a destabilizing/stabiliz-
ing effect on a2. On the other hand, <»/ > 0 while co2' < 0 if
co0' > Q (above maximum dynamic pressure). Therefore, a
positive/negative co0' has a stabilizing/destabilizing effect on both
modes. This means a body may pass through roll resonance
before maximum dynamic pressure successfully without large
amplification if conditions are proper but it may not successfully
pass through roll resonance after maximum dynamic pressure if
a low-altitude encounter (i.e., a disturbance) is experkaced.

The solution of the system of perturbation equations, are in
good agreement with the numerical solution of Eqs. (8) as shown
in Ref. 10. However, the perturbation solution breaks down
rapidly as roll resonance is approached. If 0.7o)0 < p < 1.3co0
the agreement is not very good, and the solution, to be derived
in Sec. 5, valid near roll resonance must be used. If 0.99 (20)^ — coj
< p < 1.01 (2(D1 — <D2) or p < 0.01co0 then the solutions, derived
later in this section, valid near these singularities, must be used.

2wi — co2 we follow the treat-
The p = 2a)l — co 2 and p = 0 Cases

To examine the case where p
ment of Sec. 3 and obtain the following modifications to Eqs. (55)
dan/dT2 = Hln-(2)2-"A[7sinr + (-l)wfe2 + co1/i2)cosr]a1asa3

(57a)
dOJdT2 = S2n +

2a3/a2 (57b)
where

f = 2 f / - f - (58).
and Sln and E2n stand for the right-hand sides of Eqs. (55a) and
(55b), respectively. The solution for £3 is given by the modified
Eq. (21) with Eq. (54), except that the terms singular in
(p— 2a)1 + co2)~1 are missing. The expressions given in Ref. 10
for this case are incorrect.

To examine the case of small roll rates, #1 and #2 « 0,
co1 « co0 and co2 « — co0. Equations (55) are modified to

(59)con

dT, 2co0

where
2aMo>n

f =

4an(D0
(60)

(61)
For constant roll rate and constant dynamic pressure, Eqs. (59)

and (60) reduce to those obtained in Sec. 3. The combination
of a e.g. offset and a trim angle of attack, characterized by the
term proportional to v1? tends to increase the amplitude of one
mode and decrease the other mode as evident from Eq. (59). In
the absence of a trim angle of attack (i.e., a3 = 0), the two
modes of oscillation are decoupled; otherwise, they are coupled.

In this case p0 « co
expansions of the form

p(t; e) =

5. Roll Resonance
cof and we assume K — s2k and seek

(62)
(63)

The discussion regarding the effects of and K is where dr\Jdt = con and con are given by Eq. (44). Substituting these
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expansions into Eqs. (8) and equating coefficients of like powers
of s, we have for the first-order problem of Eq. (8a),

^«i) = 0 (64)
where <£ is defined by Eq. (48). The solution to this problem is

^1 = A1Q\p(iri1) + A2Qxp(ir]2) (65)
Then the first-order problem of Eq. (8c) is

. (66)
where the effect of the asymmetry is implicit in the solution of
a±. This implies, of course, that k must be a slowly varying
function of time.

Since p0 \ — 0) is a slowly varying function of time,
and we consider it to be a function of T2. Now, the solution of
Eq. (66) contains terms which tend to infinity as rjlf r\2, or
<p -> oo (i.e., t -> oo), thereby invalidating our expansion for long
times, unless

dp0/dT2 = v0 + v2 p0 + v1 a^ sin (??4 — $ + 0J (67)
Then p2 becomes

With ^ and p2 known, the third-order problem of Eq. (8a)
becomes

2

^ (^3) = S [6« exP (^«)"+" mn An
2As exp i(2^n—^s)] (69)

where
Qn = 2«(% = 0)+.(2-«)fcexpi(0 + 00-,f/1) (70)

Secular terms will be eliminated if Qn = 0 which leads to
dan/dT2 = (Iln + yL2nan

2 + A3nas
2)an+(2 —n)/cAsinF (7la)

dBJdT2 = (- l)"yA(aM
2 + 2as

2)- (2- nJ/cAfli ~ -1 cos F (7Ib)
where the A's are defined in Eqs. (20) and (56) and

(73)

(74)

(75)

Introducing the detuning parameter a defined by
P0 = a)1 + s2a

we have
dT/dT2 = <7

and the solution of Eq. (69) is

Fig. 2 Variation of the yaw angle of attack with time [co0 = 30.7,
PQ = 10°, e = 0.174, k = 33423, v0 = 50, vx = 60, v2 = -1.4, /^ = 14.6,
M2 = -30.7, xi = -942p(t)/p(t = 0), %2 - 0, 7 - -942, and initial

a = 100].

Figure 2 compares our analytical results with the numerical
solution of Eqs. (8) for the case of nonlinear aerodynamics.
The value of K = 1007.8 used in these and subsequent figures
is the large trim excitation that is used in Sec. 4. That is,
sK/a>Q2 = 0(1) instead of &K/o}Q

2 = 0(e2) as postulated in the roll
resonance analysis. Furthermore, a value of a = 100 was also
used. These extreme values of K and a were used only to
exaggerate the differences, between the two solution techniques
and establish the fact that the roll resonance solution is valid
beyond the intended range. The physical characteristics of the
vehicle used to generate the different coefficients are given in
Appendix B. For linear aerodynamics, the two Solutions compare
precisely. When the nonlinear moments are added, differences
occur but the trends are the same. Figure 3 is a comparison
of roll calculations using the two techniques. For linear aero-
dynamics there are no detectable differences. For the nonlinear
aefodynamies case, some small differences occur at T = 5 which
are of the order of 1%. The effect of the nonlinear damping and
restoring moments is to reduce the amplitude and rate of growth
of the angle-of-attack oscillations which in turn reduces the
term v t ai sin (rj1 + 0— 0) in Eq. (67) which reduces dp0/dT2.

1.16

1.12 -

0.80
0.0 1.0 2.0 3.0 4.0 5.0

DIMENSIONLESS TIME r= \uJ2n

Fig. 3 Variation of the roll rate with time (same conditions as Fig. 2).

1.30 -

9.0 10.0

Fig. 4 Variation of the roll rate with time [e = 0.174, k = 1007.8,
X1 = -545 p(t)/p(t = 0), %2 = 0, y = -987, ^2 - -31.4, and initial

a = 300].
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Figure 4 compares the two techniques for the case of s/e/coQ
2 =

0(£2) and initial a w 300. Thus, the trim moments are ordered
properly but the range of the roll rate is extended. The error in
roll rate at -c = 10 when a = —434 is 2.6%. The initial condi-
tions are comparable to a match of solutions using the analysis of
Sec. 4 away from roll resonance.

We can conclude then that 1) if e/c/co0
2= 0(a2) or less, the

perturbation solution, valid near roll resonance, is in very good
agreement with the numerical solution of the full problem. This is
true for the nonlinear aerodynamics case and the ranges of
roll rates required to match with the solution away from roll
resonance; 2) if sk/co0

2 = 0(1), the perturbation solution is in very
good agreement with the numerical solution of the full problem
for linear aerodynamics and is sufficiently accurate to predict the
trends in the solutions for nonlinear aerodynamics.

6. Conclusions
The results of the preceding two sections show that the roll

rate is given by
away from roll resonance

— ± =
dT2

near roll resonance

v2p0 + ViK sin 00/(o>i - Po)(Po - (76)

sn Oh -

In Eq. (76), v0 characterizes the pure rolling moment and v±
characterizes the e.g. offset symmetry. The effect of trim moments
is contained in a1 near roll resonance. If CDI is replaced by p0
in the coefficients multiplying sinF and cosF in Eqs. (71), the
results in Sec. 5 are valid near and away from roll resonance.
Near resonance p0 w a)1 and the modified equations are the
same as Eqs. (71) within an error of 0(e2).

Away from resonance, (/> is away from rjl9 and Eqs. (71) show
that ax and 91 are composed of a short period term (fast
varying) and a long period term (slowly varying). To separate
these parts, we let a1 = a^* + av 0^ = 9^ + S^ where a^* and
Of are slowly varying while the other components contain the
fast varying parts. Substituting these forms into the modified
Eqs, (71) and separating the fast and slowly varying parts, we get

dai/df = e2fe(pp-G)2)-1sin(^-^1-01 + 00) (77a)

da*/dT2 =
= -yA(a1*24-2a2*2)

(78a)
(78b)

Approximate solutions to Eqs. (77) are
al= -£2/c(p0-o)J~Hp0-w2rlcosr (79a)
91 = - ys2k(p0 - cot)' I(p0 ~ co2)~1 sin F (79b)

Letting a1 = a1* + a1 and 01 = 91* + S1 in Eqs. (65) and (66) and
expanding for small e, we get the results of Sec. 4 for the case
of small excitation.

The roll resonance condition is defined by p0 = cox which
leads from Eq. (44) to the two critical roll rates

pcr=±co0/(l~Ix/lY'2 (80)
For slender bodies, the critical roll rates are pcr« ±co0.

Equation (76) shows that the parameter v2 leads to the damp-
ing of the roll rate, while the parameter v0 leads to roll up or
roll down depending on whether it is positive or negative. Thus,
v0 may produce roll resonance, but it cannot by itself produce
a stable roll resonance.

The parameter responsible for conditions of stable roll
resonance is v^smc^Q which is a combination of a e.g. offset
and an out-of-plane trim. The first of Eqs. (76) shows that if
v1 sin 00 is positive, p0 tends toward co1 if p0 > <z>2 and tends

__away fronxcoj-if-p^ < co^. Thus, a necessary condition for a roll
lock-in on the critical roll rate ̂ 0 is vt sin^>a > 0 and an initial
roll rate greater than a>2. M adSition to this condition, the time
variation of the roll rate must be larger in magnitude than the

time variation of pcr for lock-in (stable roll resonance); that is
|v0 + v2p0 + v1fl1sin(00 + 01)| ̂  \dco0/dT2\ (81)

Since co0 is a function of the dynamic pressure, Eq. (81) yields a
condition for stable roll resonance in terms of the rolling moment
parameters, the ballistic coefficient, and the flightpath angle.

Appendix A
The expressions for Q1>2}3 and m1 2>3 for Eq. (18) are given as

63 = [Z'(

- imn an
2 - i(m^ + m2)as

2 - i(mn + m3)a3
2]^n (Al)

)«22 + m3a32]^3
(A2)
(A3)

(A4)

where s = 2, 1 when n— 1,2. The expressions for 2 l j2>3 and
<24n for Eq. (53) are given as

Qn = Qn-icon'An+v1(p0-ojnr1^n/2 + (l/2-Ix/I)p0]AnA3
(A5)

63 = 63-^0^3 (A6)
4^3 (A7)

Appendix B
The physical characteristics of the vehicle chosen for the

analysis are tabulated in Table 1 using standard notation.
Table 1 Physical characteristics of the vehicle

Mass:
Moments of inertia:

Area:
Diameter:
Normal force coefficient:
Pitching moment coefficient:
Ballistic coefficient:
Damping moment coefficient:
Pure rolling moment coefficient:
Roll damping coefficient:
Trim angles:

m
I

I*
A
d

C»«
CM,

Beta
C^
C<oCIPar

= 5. 122 slugs
= 4.31 slugs ft2

= 0.43 slugs ft2

= 1.485 ft2

= 1.375 ft
= 1.934/rad
= -0.3314/rad
= 1500 lb/ft2

= 4/rad
= 105

= -0.2/rad
= 1/3°

e.g. offset: d - 0.03 in.

At an altitude of 100,000 ft with a velocity of 19,700 fps, the
dynamic pressure is 6,290 psf and the parameters introduced in
the differential equation are calculated as follows:

co0 - IOTT rad/sec, s2^ = QAd(dCmJ2V] = 0.416/sec
82v0 = (QAd/Ix)Clo = 0.3/sec2,

e2v2 = (QAd/IJClp(d/2v)= -0.41/sec
6Vl = (QAd/Ix)CNct(d/d) = 10.5/sec2, sK = 175/sec2

The unusual positive sign on Cm is chosen to produce
growing angle of attack oscillations i;& order to illustrate any
differences that may occur between the perturbation solution
and the numerical solution of the full problern. In the case of
strongly damped solutions wh,ere C^ is negative, the differences
between the perturbation solli^ton anil&A solution to the com-
plete problem are undetectable. The Values of the parameters
^2' X.i> Hi an<i y are chosen in the text to be representative
of their upper limits on magnitude and have no particular
physical significance as such.
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